Abstract. We show that strong anomalous diffusion, i.e. |x(t)| q ∼ t qν(q) where qν(q) is a nonlinear function of q, is a generic phenomenon within a class of generalized continuous-time random walks. For such class of systems it is possible to compute analytically ν(2n) where n is an integer number. The presence of strong anomalous diffusion implies that the data collapse of the probability density function 
Introduction
Anomalous diffusion, i.e., when the scaling of the moments of the position x(t) is x 2 (t) ∼ t 2ν with ν > 1/2, has been observed in a rather wide class of dynamical systems, e.g., intermittent maps [1, 2] , 2D symplectic maps [3] [4] [5] and random velocity field [6] [7] [8] as well in 2D timedependent flow [9] and Hamiltonian systems (e.g. the eggcrate potential) [10, 11] . In highly nontrivial systems, as those described in [9, 10] , the existence of anomalous diffusion has been established only numerically. On the other hand, for random shears it is possible to give an analytical criterium both for the existence of anomalous diffusion and for the computation of ν [12] . As far as we know, the simplest nontrivial system showing anomalous diffusion is the continuous-time random walk (CTRW), sometimes also called Lévy walk. The CTRW is entirely specified by the probability density function (pdf) ψ(r, τ ) to move a distance r in a time τ in a single motion event. Let us assume, as in [13] [14] [15] ,
where P (τ ) is the pdf of having a flight of duration τ and P (r | τ ) is the conditional pdf of a displacement r given the flight time τ . The cases corresponding to P (τ ) ∼ τ 
Then it also becomes clear that the value of ν, in general, does not completely characterize the statistical properties of the diffusion process, as the function F (ξ) needs to be specified. In many cases, the use of just one exponent is not enough to describe all the moments, i.e., we have the so-called strong anomalous diffusion [9, 10] . For which
, where qν(q) is a nonlinear function of q. The existence of a non-unique scaling exponent implies the failure of the data collapse for the pdf in the form given by equation (2). The best known case of a process showing strong anomalous diffusion is the advection of a passive scalar by a turbulent velocity field. In many cases [9] it has been observed that the function qν(q) is piecewise linear, i.e.,
This is basically due to the existence of two mechanisms: a weak (i.e., with a unique exponent ν 1 > 1/2) anomalous diffusion for the typical events, and a ballistic transport for the rare excursions (i.e., excursions much larger than x typ (t) ≡ exp ln x(t) ). The behavior (3) suggests the validity of the data collapse (2) for the pdf core, i.e. x/t ν1 not too large, and two peaks at | x |∼ t, i.e., the footprint of ballistic events. The cases where strong anomalous diffusion for which (3) holds are relatively simple and surely
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The European Physical Journal B different from the cases of the relative dispersion in the fully developed turbulence [17] . By using only elementary techniques, in this paper we show that the bi-linear behavior for the scaling of the moments (3), which is present in the special case of the CTRW commonly found in the literature, i.e. P (r | τ ) = δ(| r | −τ α )/2, does not hold in the general case. To show this point, we shall consider a generalized CTRW of the form:
The inspiration for this choice comes from the multifractal description of turbulence [19] . The paper is organized as follows. In Section 2.1 we present the "standard" CTRW model. We then present a simple method to find the scaling for the even order moments (Sect. 2.2). In Section 2.3 the model is generalized, and the same method is again applied to find the scaling. Numerical analysis to corroborate the analytical results of the general model are presented in Section 3 together with some discussions related to the shape of P (x, t). Discussions and conclusions can finally be found in Section 4.
CTRW models
Anomalous diffusion occurs when some, or all, of the hypothesis of the central limit theorem break down. More specifically, the system has to violate at least one of the two following conditions:
1. Finite variance of the velocity. 2. Fast enough decay of the auto-correlation function of the Lagrangian velocities.
The paradigmatic model for anomalous diffusion, namely the Lévy flights [18] violate the first condition. In the one dimensional case a Lévy flight corresponds to the evolution in discrete time
of the particle position x with t i+1 = t i + ∆t and v i being independent stochastic variables identically distributed according to a Lévy-stable distribution such that
where 1 < g ≤ 3. It is easy to show that x 2 = ∞ for g < 3 and that this stochastic process shows anomalous diffusion being x typ ∼ t 1/(g−1) > t 1/2 .
The "standard" CTRW model
The existence of an infinite variance is not very pleasing from a physical point of view. This has lead to the introduction of the CTRW (also called Lévy walks). The idea is to relax the condition of a fixed, discrete time step in such a way that the process still has anomalous diffusion, but finite variance of the velocity.
Firstly, we introduce the particle trajectory
where x(t) denotes the position of the particle at time t. During the random intervals τ i , the particles move a distance r i with constant random velocity v i independent of τ i . After each interval they choose new random values for τ i and v i . The relevant quantity to characterize the motion of the particle is the pdf ψ(r, τ ) of having a displacement r in time τ in a single motion event. This pdf is chosen in the form (1). In the simple case where v i = ±v we have
Taking
we can determine the pdf P (x, t) to be in x at time t [20, 21] . Actually, by introducing the probability density Ψ (x, t) to pass at location x at time t in a single motion event (and not necessarily to stop at x)
the pdf P (x, t) can be written in the following way
the first term denotes the probability density to reach the position x at time t in a single motion event, the second term is the probability density to reach x at time t with one stop in x and so on to include all the combinations of motion events. In the Fourier-Laplace space (x → k, t → u) the series in equation (11) assumes the closed form
and the behavior of x(t) 2 can be calculated analytically by using the relation
where L −1 denotes the inverse Laplace transform (u → t) [20, 21] .
The results is that
1 < g < 2 ballistic motion t 4−g 2 < g < 3 anomalous diffusion t 3 < g normal diffusion.
